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1 Basic group attributes

Group SO-n5-q2
Matrix size 5% 5
Rank 2

Defining equations

XTBX = B and det(X) =1

1.1 Symmetric bilinear form

Dimension 5
Witt index 2
Primitive element | N/A
Epsilon N/A
0010 0
00010
Matrix: [1 0 0 0 O
01 00 O
0 00 0 ¢

1.2 Lie algebra

The Lie algebra is denoted g. The defining equations for the g are: X7 B + BX =0 and tr(X) =0
A generic element of g is:

Too  To1 0 —x12 —comg
Tip T11  T12 0  —coxas
0 —w30 —mwoo —T10 —CoT40
x30 0  —zo1 —x11 —Coxa1
T4 T4l T42  T43 0

1.3 Torus

The torus is denoted T'. It has rank 2. A generic element of the T is

to 0 0 0 O

0 ¢+ 0 0 O

00 X 00

0
00 0 & 0
1

0 0 0 0 1
A character of T is a group homomorphism from 7" to the multiplicative group of the ground field. The set of
characters is denoted X, (7). In this document, elements of X, (7T') are written as row vectors o = (ai,as,...,a,)
and such a vector is viewed as a function on diagonal matrices in the following way: for a = (a1, ag, ..., a,) € X«(T)

and t = diag(ty,to,...,t,) € T,

n
a(t) = [ ue = erege e
i=1

The rows of the matrix below are trivial characters, i.e. elements o € X, (T") which are the identity function on 7.
It would be more accurate to describe X, (T') as a quotient of a set of group homomorphisms modulo the lattice
generated by trivial characters, but this distinction is not critical for our purposes.

10100
01 01PO0
11111



2 Root system

Dynkin type By
Irreducible True
Reduced True
Simply laced False
Number of roots | 8

2.1 Dynkin diagram

The root system is irreducible and has Dynkin diagram:
O==0

2.2 Cartan matrix

The root system is irreducible and has Cartan matrix:

5 5]

2.3 Roots

Definition 2.1. A root o € ¢ is multipliable if 2« € ®.

Root Short Form | Norm? | Simple | Sign | Multipliable
(0, 1, 0, 0, 0) (0, 1) 1 Yes + No
(1, 0, 0, 0, 0) (1, 0) 1 No + No
(-1, 0, 0, 0, 0) (-1, 0) 1 No — No
(0, =1, 0, 0, 0) (0, —1) 1 No — No
(1, =1, 0, 0, 0) (1, —1) 2 Yes + No
(1, 1, 0, 0, 0) (1, 1) 2 No + No
(-1, =1, 0, 0, 0) | (-1, —1) 2 No — No
(-1, 1, 0, 0, 0) (-1, 1) 2 No — No
2.4 Coroots

Given a root system ®, for each root o € ®, we find a coroot a¥ (an integer vector of the same length) so that
(a, @) = 2. There is not necessarily a unique choice of o, but for the purposes of this document, we choose a"
so that it is the integer vector of minimal Euclidean norm among those satisfying (a, a¥) = 2.

Root Coroot

(-1, -1, 0,0, 0) | (-1, =1, 1, 1, 0)
(-1, 0, 0, 0, 0) (-2, O, 2 0, O)
(-1, 1, 0, 0, 0) (-1, 1, 1, —1, 0)
(0, =1, 0, 0, 0) (0, =2, 0, 2, 0)
(0, 1, 0, 0, 0) (0, 2, 0, =2, 0)
(1, =1, 0, 0, 0) (1, =1, =1, 1, 0)
(1, 0, 0, 0, 0) (2, 0, =2, 0, 0)
(1, 1, 0, 0, 0) (1, 1, =1, —1, 0)

2.5 Linear combinations of roots

Definition 2.2. For two roots «, 8 in a root system ®, the set of positive integral linear combinations of «, 8 that
are also roots is denoted (o, f) = {ia+jB € ®:i,j € Z>1}.
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3 Root spaces

3.1 Dimensions

For a root a € @, the dimension of the associated root space V,, (and also the dimension of the root subgroup U,)
is denoted d,. The table below lists these dimensions.
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3.2 Root space table

The table below lists each root along with a generic element of the associated root space (inside the Lie algebra).
These are computed as follows: given a character a, consider the set

Vao={Xeg:t-X-t'=at) X,VteT}

This is a vector subspace of the Lie algebra g. When V,, is more than just the zero vector, « is called a root and
the root system & is the set of all such roots. For this document, roots are computed as follows: compile a list
of potential character vectors a, which are all possible integer vectors of length n with entries from {0, £1,+2},
then reduce that list of potentials by quotienting by the trivial characters of the torus. Next, instantiate a generic
torus element ¢ and a generic Lie algebra element X. For each potential character «, solve the equation

t-X-t =o)X

for X. If there is a nonzero solution space, add « to the set of roots.

Root Generic element of root space
[0 0 0 0 O]
0 0 000
(-1, =1, 0, 0, 0) 0 —u 0 0 O
up 0 0 0 O
1 0 0 0 0 0f
[0 0 0 O 0 7
0 000 0
(-1, 0, 0, 0, 0) 0 0 0 0 —coup
0 00O 0
lup 0 0 O 0 |
[0 0 0 0 O]
up 0 0 0 O
(-1, 1, 0, 0, 0) 0 00 —u O
0 00 0 O
L0 0 0 0 0]
0 0 0O 0
0 0 0O 0
(0, =1, 0, 0, 0) 0 0 00 0
0 0 0 0 —CoUgQ
0 up 0 O 0
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4 Root subgroups

4.1 Root subgroup table

For the purposes of this document, root subgroups are found by simply exponentiating the associated root space.
That is, for a root a € ®, the root space is

Vo={Xeg:t-X -t'=at) X,VteT}
and the root subgroup is

X2 X3

For the purposes of the groups considered in this package, the X3 and higher terms of the exponential series always
vanish, and even the quadratic term frequently vanishes, so we can simplify the description of U, to:

X2

The table below lists each root along with a generic element of the associated root subgroup.

Root Generic element of root subgroup
M1 0 0 0 O]
0 1 0 00
(-1, -1, 0, 0, 0) 0 —u 1 0 O
u 0 0 1 0
1 0 0 0 0 1]
1 0 0O 0
0 1 00 0
2
(_17 07 07 Oa 0) —% 010 —CoUQ
0 0 01 0
up 0 0 O 1
[1 0 0 0 O]
up 1 0 0 O
(-1, 1, 0, 0, 0) 0 01 —ug O
0 00 1 O
L0 00 0 1]
1 0 00 0
0 1 00 0
(0, —1, 0, 0, 0) 0 0 10 0
0 _0021% 0 1 —CoUp
0 w 0 0 1
100 0 0
2
01 0 =22 —cup
(0, 1, 0, 0, 0) 001 0 0
0 0O 1 0
0 00 u 1
1 w9 0 0 O
0 1 0 00
(1, -1, 0, 0, 0) 0 0 1 00
0 0 —uw 1 O
0 0 0 01




Root Generic element of root subgroup
1 0 —% 0 —CoUuQ
0 1 0 0 0
(1, 0, 0, 0, 0) 00 1 0 0
0 0 1 0
00 w O 1
[1 0 0 —wuy O]
01 wgp O O
(1, 1, 0, 0, 0) 00 1 0 0
00 0 10
0 0 0 0 1]

4.2 Homomorphism property

For each root a € @, the associated root subgroup map X, : V, — G is a pseudo-homomorphism with respect to
the additive structure on V, and the group operation (i.e. matrix multiplication) in G. That is, for any u,v € V,

Xo(u) - Xa(v) = Xa(u+0) - [T Xia(dh(u,v) (1)

i>1

aeP
for some homogeneous polynomial maps ¢’, : Vi, x Vo, — V. Thus X, is a group homomorphism if and only
the product on the right hand side reduces to 1. The quantities ¢’,(u,v) are called homomorphism defect
coefficients. For any root « of a root system ® of any group considered in the Pinning-Sympy package, the set

{iaECI):iEZZQ}

is either empty or a singleton set consisting of {2a}. The non-empty case only arises when ® is a non-reduced

root system (of Dynkin type BC), and when « is a multipliable root.
Since the root system for this group is reduced, there are no multipliable roots and the product is always
empty, hence each X, is a group homomorphism there are no homomorphism defect coefficients.



5 Commutators

The commutator formula says that for two roots a, 8 € ®, the commutator of two root group elements X, (u) and
Xp(v) is controlled by the structure of ®, in particular by which positive integer linear combinations i + j3 are
elements of ®. Recall that

(o, B) ={ia+jpe®:i,j€Z>1}
Specifically, we have the commutator formula

[Xa(w), X5(0)] = T] Xiasjo (N5 (0, 0)
(a,8)

for some homogeneous polynomial functions NZ-C;-B : Vo x Vg = Viqqjs. We repeat here the table of linear com-

binations of roots. The quantity NZ‘-B (u,v) is called a commutator coefficient. The table below gives these
coeflicients.

o I5; i|7|ia+j8 N%ﬂ(u,v)
(-1, 0) (0, —1) 11 (=1, =1) | coupvo
(-1, 0) (0, 1) 1]1)(-1,1) CoUoVo
(0, —1) (-1, 0) 1]1] (=1, =1) | —coupvo
(0, —1) (1, 0) 111 (1, -1 CoUoVo
0, 1) (-1, 0) 1]1)(-1,1) —Cougp
(0, 1) (1, 0) 111, 1) —CoUovp
(1, 0) (0, —1) 1{1](1, -1 —CoUoVo
(1, 0) (0, 1) 111](1, 1) ColoUo
(—1, —1) | (0, 1) 111 (-1, 0 ot
(L -y 1 [1]2[(11 [ owi
(-1, -1) | (@, 0) 11110, —1) woo
(-1, —1) | (1, 0) 1] 2] @ -1 [ —cow
(-1, 0) | (@ —1) |1]1](, -1 woo
(-1, 0 | @ -1 |2][1]E1 -] www
(—1,0) | (1, 1) 11 1) ot
(-1, 0) | (1, 1) 2 1] (-1, 1) | —couw
(-1, 1) |, -1 |t]1](1, 0 —uovo
(-1 1) [ -n [1]2][ (1 -y “wi
(-1, 1) |, 0) 11, 1) w00
L1y (o Ji[2[wy g
0, 1) |(-1,1) |1]1](-1, 0 wovo
O, -1) | (=1, 1) |2]1](1, —1)| —cuw
0, 1) | (1, 1) 111]@, o0 w00
0 -y [y J2lif[q@ -y | wgw
(0, 1) (-1, 1) |1]1] (1, 0 woo
0, 1) (-1, —1) [ 2| 1] (=1, 1) | —coo
0, 1) 1, -1 |11 0 ot
0, 1) 1, -1 |21la cotgto
1, 1) | (=15, 0 |1]1](, -1 —uovo




=
e o] o No|
. = o o
SI2lal 12k 28] | Sheal o5 | 212l
=3 SYE o Ron| 23 S [olal 213
o [SL SIS TIE | TS| SIE ] TI¢
MU _ | | |S | | S f |
—
—
Na} —~| — —~ —~
. | — | — — —
) | — —~| —~| —~ —
o= | [ = == ~l= |
+ | = —
S| |||~ || ~|S| ~ || | | =]~
R S) SN— | ~—~ S— | ~— S— | ~—~ S— | ~— SN— | ~—~ ~—
Sl a |l N A A=~ =N~
RS I T e T R e N R Y A N I I e IR O R T O
—~| —~
— | —
— — | ~—| —
o _ | = —=|o|o|—]|—
—~| —~
) R N BN N B ) B |
— — == =~ —
HE=JR=J N [ ] [ ]| S| o
3/ S— | ~— S— | ~— S~— | ~— S— | ~— S~— | ~— SN—
—~| | —~
= T~ =]~ =]~ ~| ~| —~
L] I |olo|o|o|=|—=|—]|—
— = == =]~ =] =]~ ]~
a SN— | ~—~ S— | ~— SN— | ~—~ S— | ~— S— | ~—~ N~—

5.1 Commutator identities

B=1(0,1,0, 0, 0)

a= (-1, =1, 0, 0, 0),

[Xa (uo) , Xp ('UO)]
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6 Weyl group

One of the defining characteristics of a root system ® is that for any two roots «, 5 € @, the reflection of 8 across
the hyperplane perpendicular to « is another root. The reflection across the hyperplane perpendicular to « is
denoted o, and the previous sentence can be rephrased as saying that o, is a (bijective) function from @ to itself.
The reflection of S is then denoted o,(8). For each root o € ®, there is an element w, € G with the following
properties:

1. we € Ng(T), i.e. w, normalizes the torus, i.e. wy - t-w,! € T for all t € T.

s 2.t - (w2)"! =tforall t € T. Under some assumptions,
T = Z(T), though this is not true for all of the groups considered in this package.

2. w2 € Zg(T), i.e. w? centralizes the torus, i.e. w?

3. For any root 8 € @, the conjugation of the root subgroup Ug by w, is the root subgroup U, (). That is,
for x € Up,
Wwe -z - w, " € Uy, (B)

More precisely, given an element xg(u) € Ug, there is some function ¢,g(u) so that
wa - () Wy = Tay(p) (%B(U))

Taken together, properies (1) and (2) above say that viewed as an element of the quotient group Ng(T)/Za(T),
(the class of) w, is an element of order 2 (or order 1 but that doesn’t happen for other reasons).

6.1 Weyl group elements

The table below lists roots along with an associated Weyl group element.

« We
0 0 0 1 0]
00100
(-1, -1) | |01 00 0
10000
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0 0 1 0 0]
0100 O
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00100
000 0 1]
1 00 0 0]
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(0, 1) 0010 0
0100 O
0000 —1]
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6.2 Weyl group conjugation coefficients

The table below lists roots along with the coefficients obtain in performing conjugation by an associated Weyl

element.
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6.3 Weyl group conjugation identities
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