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1 Basic group attributes

Group SO-n6-q2

Matrix size 6 X6

Rank 2

Defining equations | X7 BX = B and det(X) = 1

1.1 Symmetric bilinear form

Dimension 6
Witt index 2
Primitive element | N/A
Epsilon N/A
[0 01 0 0 O
0001 0 O
. 10 00 0 O
Matrix: 0100 0 0
0 00 0 ¢ O
0 0 0 0 0 e

1.2 Lie algebra

The Lie algebra is denoted g. The defining equations for the g are: X7 B + BX = 0 and tr(X) =0
A generic element of g is:

Too  To1 0 —x12 —coTy2 —C1T52]
T Tl T12 0  —cory3 —c1x53
0 —m30 —moo —x10 —CoTa0 —C1T50
zz0 0  —To1 —T11 —CoTa1 —C1T51
T4 T4l T42  T43 0 Z45
[T50 @51 ws2  wpy  — L 0 |

1.3 Torus

The torus is denoted T'. It has rank 2. A generic element of the T is

[t 0 0 0 0 0]

0 ¢4+ 0 0 0 O

00 £ 0 00

00 0 & 00

0 0 0O 0 10

L0 0 0 0 0 1]
A character of T is a group homomorphism from 7" to the multiplicative group of the ground field. The set of
characters is denoted X, (7). In this document, elements of X, (7T') are written as row vectors o = (a1, ag, ..., an,)
and such a vector is viewed as a function on diagonal matrices in the following way: for o = (ay,as,...,a,) € X.(T)

and t = diag(ty,ta,...,t,) € T,
n
oft) = [ [t = ezt
i=1

The rows of the matrix below are trivial characters, i.e. elements a € X, (T") which are the identity function on 7.
It would be more accurate to describe X, (7)) as a quotient of a set of group homomorphisms modulo the lattice



generated by trivial characters, but this distinction is not critical for our purposes.

101000
010100
111111



2 Root system

Dynkin type By
Irreducible True
Reduced True
Simply laced False
Number of roots | 8

2.1 Dynkin diagram

The root system is irreducible and has Dynkin diagram:
O==0

2.2 Cartan matrix

The root system is irreducible and has Cartan matrix:
2 -1
-2 2

Definition 2.1. A root o € ¢ is multipliable if 2« € ®.

2.3 Roots

Root Short Form | Norm? | Simple | Sign | Multipliable
(0, 1, 0, 0, 0, 0) (0, 1) 1 Yes + No

(1, 0, 0, 0, 0, 0) (1, 0) 1 No + No

(-1, 0, 0, 0, 0, 0) (-1, 0) 1 No — No

(0, =1, 0, 0, 0, 0) (0, —1) 1 No — No

(1, =1, 0, 0, 0, 0) (1, —1) 2 Yes + No

(1, 1, 0, 0, 0, 0) (1, 1) 2 No + No
(-1, =1, 0, 0, 0, 0) | (-1, —1) 2 No — No

(-1, 1, 0, 0, 0, 0) (-1, 1) 2 No — No

2.4 Coroots

Given a root system ®, for each root o € ®, we find a coroot a¥ (an integer vector of the same length) so that
(a, @) = 2. There is not necessarily a unique choice of o, but for the purposes of this document, we choose a"
so that it is the integer vector of minimal Euclidean norm among those satisfying (a, a¥) = 2.

Root Coroot

(-1, =1, 0,0, 0, 0) | (-1, —1, 1, 1, 0, 0)
(-1, 0, 0, 0, 0, 0) (-2, 0,2, 0,0, 0)
(-1, 1, 0, 0, 0, 0) (-1, 1, 1, =1, 0, 0)
(0, =1, 0, 0, 0, 0) (0, =2, 0, 2, 0, 0)
(0, 1, 0, 0, 0, 0) (0, 2, 0, =2, 0, 0)
(1, =1, 0, 0, 0, 0) (1, =1, =1, 1, 0, 0)
(1, 0, 0, 0, 0, 0) (2, 0, =2, 0, 0, 0)
(1, 1, 0, 0, 0, 0) (1, 1, =1, -1, 0, 0)

2.5 Linear combinations of roots

Definition 2.2. For two roots «, 8 in a root system ®, the set of positive integral linear combinations of «, 8 that
are also roots is denoted (o, f) = {ia+jB € ®:i,j € Z>1}.
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3 Root spaces

3.1 Dimensions

For a root a € @, the dimension of the associated root space V,, (and also the dimension of the root subgroup U,)
is denoted d,. The table below lists these dimensions.

« da
(-1, =1, 0,0, 0, 0) | 1
(-1, 1,0, 0,0, 0) | 1
(1, =1, 0, 0, 0, 0) 1
(1,1, 0, 0, 0, 0) 1
(-1, 0, 0, 0, 0, 0) 2
(0, =1, 0,0, 0, 0) | 2
(0, 1, 0, 0, 0, 0) 2
(1, 0, 0, 0, 0, 0) 2

3.2 Root space table

The table below lists each root along with a generic element of the associated root space (inside the Lie algebra).
These are computed as follows: given a character a, consider the set

Vao={Xeg:t-X-t'=at) X,VteT}

This is a vector subspace of the Lie algebra g. When V,, is more than just the zero vector, « is called a root and
the root system & is the set of all such roots. For this document, roots are computed as follows: compile a list
of potential character vectors a, which are all possible integer vectors of length n with entries from {0, £1,+2},
then reduce that list of potentials by quotienting by the trivial characters of the torus. Next, instantiate a generic
torus element ¢ and a generic Lie algebra element X. For each potential character «, solve the equation

t-X-t =o)X

for X. If there is a nonzero solution space, add « to the set of roots.

Root Generic element of root space

[0 0O 0 0 0 0]
0 0 00 0O
0 —u 0 0 0 O
(-1, -1, 0, 0, 0, 0) w 0 00 0 0
0 0 00 0O
L 0 0 0 0 0 0]

[0 0 0 O 0 0 ]
0 000 0 0

0 0 0 O —Coul —C1UQ
(-1, 0, 0, 0, 0, 0) 000 0 0 0
up 0 0 O 0 0

lug 0 0 0 0 0 |
[0 0 0 0 0 0]
u 0 0 0 0 O
0 00 —u 0 O
(-1, 1, 0, 0, 0, 0) 000 0 00
0 00 0 00
L0 00 0 0 0]
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4 Root subgroups

4.1 Root subgroup table

For the purposes of this document, root subgroups are found by simply exponentiating the associated root space.
That is, for a root a € ®, the root space is

Vo={Xeg:t-X -t'=at) X,VteT}
and the root subgroup is
X3

)

X2
_ X _
Ua—{e =1+ X+ 50+ 5

For the purposes of the groups considered in this package, the X3 and higher terms of the exponential series always
vanish, and even the quadratic term frequently vanishes, so we can simplify the description of U, to:

X2

The table below lists each root along with a generic element of the associated root subgroup.

Root Generic element of root subgroup
[1 0 0 0 0 o0
0 1 0 0 0O
0 —u 1 0 0 O
(-1, =1, 0, 0, 0, 0) w 0 010 0
0 0 00 10
L 0 0 0 0 0 1]
1 0 0O 0 0
0 1 00 0 0
(-1, 0, 0, 0, 0, 0) ~ed oo 01 0 —au —au
0 0 01 0 0
U1 0 0O 1 0
U 0 0O 0 1
1 0 0 0 0 O]
u 1 0 0 0 0
0 01 —uy 0 O
(-1, 1, 0, 0, 0, 0) 000 1 00
0 00 0 10
L0 00 0 0 1]
1 0 00 0 0
0 1 00 0 0
0, -1, 0,0,0,0 X 0 Lo 0 0
( ’ B ) 0 —CD;L% — 6121‘% 01 —Coug —Cilujg
0 UuQ 00 1 0
0 Uy 0 0 0 1
100 0 0 0
01 0 —CO;% — cl;g —Coul —CiUg
(0, 1, 0, 0, 0, 0) 0 01 0 0 0
0 0O 1 0 0
0 00 U1 1 0
0 0O uQ 0 1




Root Generic element of root subgroup
[T wpg 0 0 0 0]
0 1 0 0 00
0 0 1 000
(1, -1, 0, 0, 0, 0) 00 —up 1 0 0
0 0 0 010
10 0 0 0 0 1]
1 0 _cozu% - % 0 —Coul —Ci1uUg
01 0 0 0 0
(1, 0, 0, 0, 0, 0) 00 L 0 0 0
00 0 1 0 0
00 U1 0 1 0
0 0 U 0 0 1
[T 0 0 —wup 0 O]
01 wp O 0O
00 1 0 00
(1, 1, 0, 0, 0, 0) 00 0 1 0 0
00 0 0 10
100 0 0 0 1)

4.2 Homomorphism property

For each root o € @, the associated root subgroup map X, : V, — G is a pseudo-homomorphism with respect to
the additive structure on V, and the group operation (i.e. matrix multiplication) in G. That is, for any u,v € V,,

Xo(u) - Xa(v) = Xa(u+0) - [T XKia(dh(u,v) (1)

i>1

aced
for some homogeneous polynomial maps ¢’, : Vo x Vo, — Via. Thus X, is a group homomorphism if and only
the product on the right hand side reduces to 1. The quantities ¢’ (u,v) are called homomorphism defect
coeflicients. For any root « of a root system ® of any group considered in the Pinning-Sympy package, the set

{’L'OéG(I)ZiGZzQ}

is either empty or a singleton set consisting of {2«a}. The non-empty case only arises when ® is a non-reduced
root system (of Dynkin type BC), and when « is a multipliable root.

Since the root system for this group is reduced, there are no multipliable roots and the product is always
empty, hence each X, is a group homomorphism there are no homomorphism defect coefficients.



5 Commutators

The commutator formula says that for two roots a, 8 € ®, the commutator of two root group elements X, (u) and
Xp(v) is controlled by the structure of ®, in particular by which positive integer linear combinations i + j3 are
elements of ®. Recall that

(o, B) ={ia+jpe®:i,j€Z>1}
Specifically, we have the commutator formula

[Xa(w), X5(0)] = T] Xiasjo (N5 (0, 0)
(a,8)

for some homogeneous polynomial functions NZ-C;-B : Vo x Vg = Viqqjs. We repeat here the table of linear com-

binations of roots. The quantity NZ‘-B (u,v) is called a commutator coefficient. The table below gives these
coeflicients.

o IS i j|ia+j6 N%ﬂ(u,v)
(—1, 0) (0, —1) 1|1 (—1, —1) CoU1Vg + C1UQU1
(—1, 0) (0, 1) 1|1 (—17 1) CoU1V1 + C1UQVy
(0, —1) (-1, 0) 1| 1] (=1, =1) | —coupv1 — c1u1vp
(O, —1) (1, 0) 1|1 (1, —1) CoUgU1 + Cc1uU1vg
0, 1) (-1, 0) 1{1)(-1,1) —CoULV] — ClUYV
(0, 1) (1, 0) 1]1)(1,1) —Cou1v1 — C1UQU
(1, 0) (0, —1) 1 1 (1, —1) —CoU1vVg — C1UgV1
(1, 0) (0, 1) 111 (1, 1) Cou1V1 + Cc1ugvy
(=1, =1) | (0, 1) 111](-1,0) —UpUp —UoV1
(-1, -0 0,1 [1]2] (1 | teletend)
(=1, =1) | (1, 0) 11110, -1) upU1  UYUo
uo(—c0v2—clv2
(=1, 0 |1, -1 |1]1](0, -1 U1y UYUo
vo(cou2+clu2)
(=1, 0 |1, 1) 111}, 1) —UpUy —U1VQ
vo(—cou2—01u2)
(—1, 1) (0, —1) 1|1 (—1, 0) —UpV1  —UQVg
uo(cov2+clv2)
(_17 1) (07 _1) 112 (_1a _1) %
(-1, 1) | (1, 0) 111}, 1) UpUy  UQUL
uo(cov2+clv2)
(_17 1) (17 0) 1|2 (17 1) %
0, -1) | (-1, 1) |[1]1|(-1,0) U1y UYUo
vo(—cou2—c1u2
O -1 | Ly |e]i] oy wCodad
(0, =1) | (1, 1) 111](1,0) u1vg  UYUo
vo(cou2+clu2)
(07 _1) (17 1) 211 (17 _1) %
(07 1) (_17 _1) 1 1 (_17 0) UopVo U1Vo
vo(—cou2—c1u2
(07 1) (_L _1) 2|1 (_1a 1) flo




o A i|j|ia+jB NP (u,v)

(0, 1) (1, -1) |1 (1, 0) —upvy  —u1vp
o0 |a -1 l2/1la voleuirers)
(1, =1) | (=1,0) |1/|1](0, =1) —upv1  —UQUo
(1, =1) | (=1, 0) |[1]2] (=1, —=1) “O(Lj_c“’g)
(1, —1) (0, 1) 1]1](1,0) UgUy U1

(1, =1) | (0, 1) 10211, 1) “O(_C"M
(1, 0) (=1, =1) | 1| 1] (0, =1) —uvy  —uUo
Lo |1 -nl2[1la - voleuirers)
(1, 0) (-1, 1) 1]{1](0,1) —Uuglp —ULVQ
(1, 0) (-1, 1) [2]1](1, 1) w
(1, 1) (-1, 0) 1|1](0,1) UgUy UVl

w1y | Lo |12 uo(cov tervt)
(1, 1) (0, =1) |1]1](,0) —upv1  —uQUo
(1, 1) (0, =1) | 1]2] (1, —1) “O(LW

5.1 Commutator identities

a= (-1, -1,0,0,0, 0, Bg=(0,1,0,0,0,0)

oo (] = s (2] v (2)

1 0 0o0o0o0][too0 0 0 0 1 00000][t 00O 0 0 0 00 0 0 0
w2 w2 2 02 o C1;
0 1 0000|010 7%7«1;0 —cou1 —c1vg 0 1 000 O0|flo1 0 —%—% cov1 C1Up w 10 0 ‘ 0 0
0 —u 100 0ffo 0 1 0 0 0 0 w 1000|001 0 0 | _ sladent) ooy _mlovdrend) L eugu
w 0 0 1 0 0|floo0 0 1 0 0 —up 0 0 1 0 0|0 0 O 1 0 0 0 00 1 0 0
0 0 0010|000 vy 1 0 0 0 00 10jfl0oo0o0 —vp 1 0 —ugur 00 0 1 0
0 0 000 1|0 00 vy 0 1 (L0 0 000 1fj000 —p 0 1 —uguy 00 0 0 1
a=(-1, -1, 0,0, 0, 0), BS=(1,0,0,0,0,0)
Xo (uo), X5 |*° wovn ) x vo(zcov—civd)
a \Uo = A a+2
» A p vy +8 U0 +28 2
5 5 5 2o 2
1 0 000 0]|1 o0 7802vf7m2vé 0 —cov1 —civg 1 0 000 0]|10 7C02vf7m2bé 0 covi c1vp 1 7w 0 0 0 0
0 1 000 Of|o 1 0 0 0 0 0 1 00 0 O|o 1 0 0 0 0 0 1 0 0 0 0
0 —up 1 00 0|f0 0 1 0 0 0 0 u 1 00 0|fo o0 1 0 0 0 |_|0 0 1 0 0 0
w 0 010 0/[oo0 0 1 0 0 ||-w 0 0 10 0|[[o o0 0 1 0 0 o wCat-ad) wlwdied) e —euge
0 0 00100 o0 vy 0o 1 0 0 0 00 10|00 —v1 0 1 0 0 uov1 0 0 1 0
0 0 000 1]f0o 0 vy 0 0 1 00 000 1fj0o 0 —vg 0 0 1 0 uovy 0 0 0 1
a=(-1,0,0,00,0), B=(0,—1,0,0,0,0)
uo Yo
Xa , Xp = Xaqp (courvo + crugvr)
u1 U1
1 000 0 0 1 0 00 0 0 1 000 0 o]t 0 00 0 0 1 0 0000
0 100 0 0 |0 1 00 0 0 0 100 0 0|0 1 00 0 0 0 1 0000
_coud ﬂé 0 1 0 —coup —ciug 0 20 N 10 0 0 7#7%‘1 0 1 0 couy crug 0 20 N 10 0 0 _ 0 —couivg —ciugvr 1 0 0 0
0 001 0 0 0 %231 0 1 —cuo —c1vy 0 001 0 0[]0 —S2-%1 01 cuy crvn Cou1vo + c1ugU1 0100
u 000 1 0 |o g 00 1 0 —uy 000 1 0|0 —vp 00 1 0 0 0 0010
ug 000 0 1 0 vy 00 0 1 ~ug 000 0 1]|o —v 00 0 1 0 0 0001

Oé:(—l, 07 07 07 07 O)a ﬁ:(ov 17 Oa 07 07 0)

(] 0 ()] -t
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0 0 100 00 0 1 000 0 O071[too 00 0 1 00 0 0 0
0 0 010 7%7# —cou1 —C1vg 20 ) 100 0 0 010 7%#7# covr v courvy +crugvg 1 0 0 00
—cour —crup| [0 0 1 0 0 0 —OH 800 1 0 cour cug| [0 0 1 0 0 0 |_ 0 0 1 —courvy —crugrg 0 0
0 0 000 1 0 0 0 001 0 0 1]oo0o0 1 0 0 0 00 1 00
1 0 000 v 1 0 —u 000 1 0]lo00 — 10 0 00 0 10
0 1 000 v 0 1 —up 000 0 1]]loo0oO —vg 0 1 0 00 0 01
a=(-1,0,0 0 0,0, p=(1, —1,0,0,0,0)
UuQ uU1v vo(cou%+clug)
X Xg(vg)| =X X e
a ’ 0 [ 2c
w s (vo) 8\ ugve +8 2
0 0 1w 0 000 1 000 0 O07T[1 —wy 0 00O 1 0 00 0 0
0 0 001 0 000 0 100 0 O0flo 1 0000 0 100 0 0
coul  crud vo(coudteiud)
—coui —crug| [0 010 0 O[T A% g 1 0 cous ciug| |0 O 1 0 0 0 0 - 1 0 0 0
0 0 |00 = 100 0 001 0 0]/0 0 w 100 wleoutrerd)  w(—eonizerd) g i —eiuguo
1 0 00 0 010 —uy 000 1 0o ([0 0 0010 0 urto 00 1 0
0 1 00 0 001 —ug 000 0 1 0 0 0001 0 wovy 00 0 1
a = ( 17 07 07 07 07 0)1 /8 = ( ) 17 Oa ) 07 0)
uQ —UuUpVo vo(—couf—qug)
X X3 (v =X X
« ; 0 « 2a
Uy B (vo) B\ |y 100 +8 2
0 0 100 —v 00 1 000 0 0]1 0 0 v 00 o000 0 0
0 0 01w 0 00 0 100 0 0 1lo1 = 0 00 ,vn(«wl;nuu) 10 “u(*cﬂuzﬁﬁuo) oty 1m0
—cour —ciup| [0 0 10 00 *UO;I*U‘;(I' 0 1 0 cou cug||0 0 1 0 00 0 01 M 0 0
0 0 000 1 00 0 001 0 0o ({00 0 1 00 0 00 1 0 0
1 0 000 0 10 —uy 000 1 0|{00 0 0 10 0 00 —uyvg 1 0
0 1 00 0 0 01 —ug 000 0 1 (00 0 001 0 00 —ugvg 0 1
a=(-1,1,0 0 0,0, p=(0,—-1,0,0,0,0)
X (o) X5 | X TUOVLN o [ eleodreret)
Uuo = 2
a ) « a
A\ n B\ | —ugvo +26 2
1 0 00 0 0 ]r1 oo 0 o o]t 0 00 0 0 1 0 00 0 0
0 1 00 0 0 —u 1 0 0 0 of|0 1 00 0 0 , 02 , 12 , 00 0 0
0 0 10 0 0 0 0 1 w 0 0]]|0 0 10 0 0 U (—eovf—ervd) 7%(50%“1”1) 1 0 coupvg crugvs
2 2 22 2 =
0 7602”"7612”1 0 1 —covg —civg 0 00 1 0 O0]]o0 7602”"7612”1 0 1 covg c1v1 ““(‘"‘“”é*“l"lz) 0 01 0 0
0 ) 00 1 0 0 00 0 1 0]fo —vo 00 1 0 —ugug 0 00 1 0
0 v 00 0 1 JL0 00 0 0 1]]o0 —uy 00 0 1 —uguy 0 00 0 1
a=(-1,1,0, 0,0, 0, B=(1,0,0,0, 0, 0)
Vo upvo uo(cov%Jrqvg)
Xao(ug), X =X X e
a\U0), o a+2
(o) X | | 8 gy +28 2
cov?  civ? ov?  cv? uo (cov+ervd)
L0 -5 -52 0 —coui —cvp 100 0 00]|1 0 -2 -22 0 cui cvo 10 0 —_— 0 0
01 0 0 0 0 ||-w 10 0 00|01 0 0 0 o0 0 1 wledted) wl-wvized) e
00 1 0 0 0 0 01 w 0 0ffo 0 1 0 0 0| _1o o 1 0 0
00 0 1 0 0 0 00 1 0O0||oo 0 1 0 0 00 0 1 0 0
00 vl 0 1 0 0 00 0 1 0ff0 o0 —v1 0 1 0 00 0 ugvy 1 0
00 vy 0 0 1 LO 00 0 0 110 0 —vp 0 0 1 00 0 gV 0 1
a=(0,-1,0,0,0,0), B=(-1,0,0,0,0,0)
Uuo Vo
Xa 7X5 = Xa+5 (—cougv1 — clulvg)
Ui U1
0 0 1 000 0 0 1 0 00 0 0 1 000 0 0 1 0 000 0
0 0 0 100 0 0 |0 1 00 0 0 0 100 0 0 0 1 0000
0 0 7%{7%‘1 01 0 —coup —cryg 0 20 . 10 0 0 %{7%‘1 0 1 0 cui crvo _ 0 coupuy +ciurrg 10 0 0
—coup  —crug 0 001 0 0 0 —20 -2 0 1 coup cu 0 001 0 0 —CougU1 — €110 0100
1 0 v 000 1 0 |lo —ug 00 —u 000 1 0 0 0010
0 1 v 000 0 1 0 —uy 00 0 1 —vp 000 0 1 0 0 000 1
a=(0,-1,0,0,0,0), pB=(-1,1,0,0,0,0)
Ug U1Vg vo(fcougfcluf)
X Xg(v)| =X X5 —_ 2 1
« « Jo'
| ) X6 () 8\ ugug +8 2
0 0 100 0 0 0]fL 0 00 0 0 1 00 0 00 1 0 00 0 0
0 0 w 1 0 0 0 0[]0 1 00 0 0 [l 10 0 00 _2022 21200 0 0
0 0 [[0o 01 —u 0 0|0 O 10 0 0l0 01w 00_ Blrad-aud) wlwdtad) | o —eure
—coup —crug [ |0 0 0 1 0 0] fp -0 28 0 1 coup cru 0 00 1 00 7”0(“0’"2*"'"?) 0 0 1 0 0
1 0 000 0 10f]lo —up 00 1 0 0000 10 oo 0 0 0 1 0
0 1 000 0 0 1ffo —uy 00 0 1 0 00 0 01 u1vo 0 00 0 1

12
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a=(0, -1,0,0,0,0), B=(1,0,0,0,0,0)

uo Vo
Xa ,Xﬁ u = Xa_;,_ﬁ (CoUo’Ul + clulvo)
0 00 0 0 1 o —od—enf o gy —erup [1 0 00 0 0 ][1 o —2f_ad o g cup| [l couov + ey 0 000
L 00 0 0 0 1 0 0 0 0o |10 1 00 0 0101 0 0 0 0 0 1 0 000
20 R 10 0 0 00 1 0 0 0 0 20 , 10 0 0 00 1 0 0 0| _|0 0 1 000

D088 0 1 —cup —crug| [0 0 0 10 0 [0 -2 -0 0 1 coug crup| |0 0 0 10 o] |0 0 —coupvy —crrg 10 0
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6 Weyl group

One of the defining characteristics of a root system ® is that for any two roots «, 5 € @, the reflection of 8 across
the hyperplane perpendicular to « is another root. The reflection across the hyperplane perpendicular to « is
denoted o, and the previous sentence can be rephrased as saying that o, is a (bijective) function from @ to itself.
The reflection of S is then denoted o,(8). For each root o € ®, there is an element w, € G with the following
properties:

1. we € Ng(T), i.e. w, normalizes the torus, i.e. wy - t-w,! € T for all t € T.

s 2.t - (w2)"! =tforall t € T. Under some assumptions,
T = Z(T), though this is not true for all of the groups considered in this package.

2. w2 € Zg(T), i.e. w? centralizes the torus, i.e. w?

3. For any root 8 € @, the conjugation of the root subgroup Ug by w, is the root subgroup U, (). That is,
for x € Up,
Wwe -z - w, " € Uy, (B)

More precisely, given an element xg(u) € Ug, there is some function ¢,g(u) so that
wa - () Wy = Tay(p) (%B(U))

Taken together, properies (1) and (2) above say that viewed as an element of the quotient group Ng(T)/Za(T),
(the class of) w, is an element of order 2 (or order 1 but that doesn’t happen for other reasons).

6.1 Weyl group elements

The table below lists roots along with an associated Weyl group element.

« Wq
0 0 0 1 0 0]
001000
010000

(=1, -1 1 00000
000O0T10
0000 0 1]
0 0 1 0 0 O]
0100 0 0
1000 0 0

(=1,0) 0001 0 0
0000 —-10
0000 0 1]
0 1 0 0 0 0]
100000
000100

(=1, 1) 001000
000010
000 0 0 1]
1 0 0 0 0 O]
0001 0 0
0010 0 0

(0, =1) 0100 0 0
0000 —-10
0000 0 1]
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Weyl group conjugation coefficients

6.2

The table below lists roots along with the coeflicients obtain in performing conjugation by an associated Weyl

element.

| = rera s s 515 T3 = (=
Slol3|gl332o3|2oe _ [ 2] ol 3 S
RMU 3 S| S| 3 UO - S| AUU S Wv
3| | =) | —| © | = | | 3 | | — —
S- 3 3|3 3 2 i 2 2 3 3
= < | 3 3 3 S S
L | =
—~
Sa) —~ —~ —~
~— —~ \l/\l/\l/l\l/ —~ 1\|/\|/1\|/\|/\|/
3 — o|=|=] I |= — I o= | |[—=|—~|o
ol —~ —~|— —~
— =l <] 11| ] |o]=]!|=] ~| ~| ~| ~|]] ~
I — — — — == —
M =l E = 1 I I N = =) =
7((((((((((((((((((((
— ~~ —
— — —
~| [ —~ —~| | —~ —~|—~|—
| o[~ — | =] | o[~ == | o= —
A oA A = = < < A =] o =] ] ] <] |
Y N — [ — [ |
LTS S|~ |—=|T]T]l|o|S|—|—~|—=|!|I]!l ]|
B((((((((((((((((((((
) L s e e ) e S
== == ===
—~| | ~|~| ~|~|~|—~|—~[—~|—~
LTI ololololo|lo|lolo|——|—|—
S | N (N [N N | N N | N | N [N N N (N N [
o 055 B N N N L LD LS L L AL L N N N N N R

17



— — — — — —
==z [=Z <) I =4 <4 I ) s |ISIS] | S sl (o= [= s [E S ]S NREERE
S NS EEEEENEREE NN RN EE RN BN NN ERE
3 ol R = | RS 5| 1 R S s RN Slgl | S _ _ ,
SENE ol |z = SEEN S SEEERE ol |Flel |2 SHEERE
- L= 3 3| 3 3 3| 3 . - 3 |3 3 = L=
= L= | = = = =4
—~
Ko —~ —~ —~ —~ —~
— — — — —
— —| — —| | — — || — — — ~—| — ~—| |
3 — — = | — — == | — —| | === — — — (IS) - — o |=|= |
o |l= —~|— —~ e —~ e —~ —~|— —~|— —~ —~|— —~
o == ~| | =1 [=l=] 1| | ] ~|=][=l]!] ~|]] o] |[—=|=]|!|o=]!|=]| | «| ~|[—=|—]| ~|| ~||!] -
] AT o] <[ o |~ o [T T T o] o] o o T~ T AT ] A o o] A ] AT T A AT AT A A
— =11~~~ ]]l|SS|—=|—~]|—=]|S|—]|! || |S|~]|~A|~A]|~||| |||~ |=]|!1 =] |
7((((((((((((((((((((((((((((((((((((((((((((
— — — — —
— — — - —
—~ e s —~ ~| [ —~ —~| | —~ ~| | —~ P s —~
- | [ —|— — | o | —|— — | o | —|— — | o= — — [ - -

—~ —~|— —~ —~|— —~ P —~ P —~ | —~ —~|—
— | =] ~| | [ [=][2=] « «| |1 [|[=]1 =] | «| |1 [=]]1[|==] «| ~| |1 [|=]1 == | | «|1[|=]!|=]|—
— | [~ — | — ||~ — ||~ — ||~
Sl—|=|=| ] 1T]l|oS|—|—|—||T]l||S|=]~]|—]|]|I]l|S||=|—~|—~]|1]|]|l|[S|S|—=|=][~]1]|1]!|S|S]|—|— |~
B((((((((((((((((((((((((((((((((((((((((((((

~| [~ ~|—~|—~|—~|—~[—~|—~[—~|—~ —~| |~~~ —~|—~|—~
— === = === === — = === ===
~—| ||| /||| ~N\|~| | /| /| —/—~|—/—~|—/—~|/"~|/—~|/"~|—/"~|/"~/"|/"|
Aol === == === 1[I ]]|[oololooloolo—=—|—|~|—~|—|—|—
— | =~
LT SISlg|lalgdlalals|dSlola|g|S|S|a|—|——|—|—|——|—|—|—=|—|[— || ||| |||~ || |—
a((((((((((((((((((((((((((((((((((((((((((((

6.3 Weyl group conjugation identities
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