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1 Basic group attributes

Group

SU-n6-q2-eps-minusl

Matrix size

6 x6

Rank

2

Defining equations

X*HX = H and det(X) =1

1.1 Skew-hermitian form

Dimension 6
Witt index 2
Primitive element | Vd
Epsilon -1
0 0O 1 0 0 0 T
0 0 0 1 0 0
. -1 0 00 0 0
Matrix: 0 -1 0 0 0 0
0 0 0 0 cvd 0
L0 0 00 0 ¢Vdl

1.2 Lie algebra

The Lie algebra is denoted g. The defining equations for the g are: X*H + HX =0 and tr(X
A generic element of g is:

) =0

-\/afi,oo + Zroo Vidzior + 01 —Zr02 —Vdzie + 2012 coVd (—Vdwis + vran avd (—Vdws + w52 ]

Vo + a0 —Vdzioo — % - ﬁ+ + a1 Vi + a0 —Zp13 coVd (—Vdzig + 43 avd (—Vdwiss + w53
—Tr20 —Vdwi30 + 2r30 Vdzio — Tro0 Vdziao — xr10 —coVd (—Vdzigo + xr10) —c1Vd (—Vdziso + 250

Vdzizo + T30 —Zr31 Vdzior — w01 —Vdwio — Viziay _ Vs 11 —coVd (—Vdruy + 2ea1)  —erVd (—Vdzisy + 2051

Vdzigo + Trao Vdzig + 241 Vdzis + 242 Vdziss + Tras Vi Vdzigs + Tras

| Vdziso + x50 Vdzis + w51 Vdzis2 + 7,52 Vdziss + w153 —w Vdziss

1.3 Torus

The torus is denoted T'. It has rank 2. A generic element of the T is

to 0 0 0 0 0]

0 ¢+ 0 0 0 0

00 £ 0 00

00 0 & 00

0 0 0 0 10

L0 0 0 0 0 1]
A character of T is a group homomorphism from 7" to the multiplicative group of the ground field. The set of
characters is denoted X, (7). In this document, elements of X, (T") are written as row vectors a = (a1, a2,...,ay)
and such a vector is viewed as a function on diagonal matrices in the following way: for o = (ay,aq,...,a,) € X.(T)

and t = diag(t1,ta,...,t,) € T,

n
aft) = T = tage o
=1

The rows of the matrix below are trivial characters, i.e. elements o € X, (T") which are the identity function on 7.
It would be more accurate to describe X, (T) as a quotient of a set of group homomorphisms modulo the lattice



generated by trivial characters, but this distinction is not critical for our purposes.

101000
010100
111111



2 Root system

Dynkin type BCs
Irreducible True
Reduced False

Simply laced

False

Number of roots | 12

2.1 Dynkin diagram

The root system is irreducible and has Dynkin diagram:

2.2 Cartan matrix

==

The root system is irreducible and has Cartan matrix:

2.3 Roots

2 -1
-2 2

Definition 2.1. A root o € ® is multipliable if 2« € ®.

|

Root Short Form | Norm? | Simple | Sign | Multipliable
(0, 1, 0, 0, 0, 0) (0, 1) 1 Yes + Yes
(1, 0, 0, 0, 0, 0) (1, 0) 1 No + Yes
(=1, 0, 0, 0, 0, 0) (-1, 0) 1 No — Yes
(0, =1, 0, 0, 0, 0) (0, —1) 1 No — Yes
(1, =1, 0, 0, 0, 0) (1, —1) 2 Yes + No
(1, 1, 0, 0, 0, 0) (1, 1) 2 No + No
(=1, =1, 0, 0, 0, 0) | (-1, —1) 2 No - No
(-1, 1,0, 0, 0,00 | (=1, 1) 2 No - No
(0, 2, 0, 0, 0, 0) 0, 2) 4 No + No
(2, 0, 0, 0, 0, 0) (2, 0) 4 No + No
(=2, 0, 0, 0, 0, 0) (=2, 0) 4 No — No
(0, =2, 0, 0, 0, 0) (0, —2) 4 No — No
2.4 Coroots

Given a root system ®, for each root a € ®, we find a coroot a¥ (an integer vector of the same length) so that

{a, @) = 2. There is not necessarily a unique choice of o, but for the purposes of this document, we choose «
so that it is the integer vector of minimal Euclidean norm among those satisfying (o, o) = 2.

\%
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2.5 Linear combinations of roots

Definition 2.2. For two roots a, 8 in a root system ®, the set of positive integral linear combinations of «, 8 that

{ia+jBE€P:i,j € ZL>1}.

are also roots is denoted (a, )
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3 Root spaces

3.1 Dimensions

For a root a € @, the dimension of the associated root space V,, (and also the dimension of the root subgroup U,)
is denoted d,. The table below lists these dimensions.
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3.2 Root space table

The table below lists each root along with a generic element of the associated root space (inside the Lie algebra).
These are computed as follows: given a character «, consider the set

Vo={Xeg:t-X -t'=at) X,VteT}

This is a vector subspace of the Lie algebra g. When V,, is more than just the zero vector, « is called a root and
the root system ® is the set of all such roots. For this document, roots are computed as follows: compile a list
of potential character vectors «, which are all possible integer vectors of length n with entries from {0, +1,+2},
then reduce that list of potentials by quotienting by the trivial characters of the torus. Next, instantiate a generic
torus element ¢ and a generic Lie algebra element X. For each potential character «, solve the equation

t-X-tl=a)-X

for X. If there is a nonzero solution space, add « to the set of roots.

Root Generic element of root space

0 0 0 0 0 O]
0 00 O0O00O0
—uy 0 0 0 0 O
(-2, 0, 0, 0, 0, 0) 0 000 0 0
0 00 O0O00O0
| 0O 0 0 0 0 0]

[ 0 0 0 0 0 0]

0 0 0 00O

0 —Vduy +uy 0 0 0 0

(=1, -1,0,0,0,0) Viduy + ug 0 0000

0 0 0 00O

| 0 0 0 0 0 0]




Root

Generic element of root space

0 000 0 0
0 000 0 0
—Vduy +d ) —Vduy +d )
(_1’ 0,0, 0, 0, 0) 0 0 0 0 Co( \/>’LL2—|— Uo Cl( \fu1—|— U3
0 000 0 0
Vidug+us 0 0 0 0 0
Vduz +u; 0 0 0 0 0
T 0 00 0 0 0]
Vidui +ug 0 0 0 0 0
0 0 0 Vdug—ug 0 0
~1, 1
(=1, 1, 0,0, 0, 0) 0 00 0 0 0
0 0 0 0 0 0
.0 00 0 0 0]
0 0 0 0 0 0]
0 0 0000
0 0 0000
(0, =2, 0, 0, 0, 0) 0 —uy 0 0 0 0
0 0 0000
0 0 0 0 0 0]
0 0 0 0 0 0
0 0 00 0 0
0 0 0 0 0 0
(0’ -1, 0,0, 0, 0) 0 0 0 0 c <—\/ZiU0—|—dU2> Cc1 (—\/gul—i—du;g)
0 Vdus+ug 0 0 0 0
0 Vdus+u; 0 0 0 0
0 0 0 0 0 0 7
0 0 0 0 Co (\/&Ug—du;g) C1 (\/Eul—duo)
(07 17 07 0’ 0’ 0) 0 0 0 0 0 0
000 0 0 0
0 0 0 Vdus+ us 0 0
0 0 0 Vdug+u 0 0 i
0 0 0 0 0 0]
000 —u 00
000 0 00
(0, 2, 0, 0, 0, 0) 000 0 00
000 0 00
000 0 0 0
[0 Vduyg + uo 0 0 0 0]
0 0 0 000
0 0 0 000
1, =1, 0, 0,0, 0
(1, =1, 0,0, 0, 0) 0 0 Vduy —ug 0 0 0
0 0 0 000
0 0 0 00 0
_0 0 0 0 Co (\/guo—du1> C1 (\/gUQ—d’LL3>_
00 0 0 0 0
(1, 0, 0, 0, 0, 0) 00 0 0 0 0
0 0 0 0 0 0
0 0 Vdug+ug 0 0 0
10 0 Vdug+uy 0 0 0 i




Root

Generic element of root space

(1, 1, 0, 0, 0, 0)

0 —\/ZiU() +uy O
\/&Uo =+ uy 0 0
0

(e e B e B e B e @)
OO oo o O
o O O
o O O O
oo oo o o

(2, 0, 0, 0, 0, 0)

coococoo
coocoocoo
oooooQ|

o
coococoo
cocoocoocooolcoococo
cocoococoo




4 Root subgroups

4.1 Root subgroup table

For the purposes of this document, root subgroups are found by simply exponentiating the associated root space.
That is, for a root a € ®, the root space is

Vo={Xeg:t-X -t'=at) X,VteT}
and the root subgroup is

X2 X3

For the purposes of the groups considered in this package, the X3 and higher terms of the exponential series always
vanish, and even the quadratic term frequently vanishes, so we can simplify the description of U, to:

X2

The table below lists each root along with a generic element of the associated root subgroup.

Root Generic element of root subgroup
1 0 0 0 0 0]
0 10000
—up 001 0 0 0
(=2, 0, 0, 0, 0, 0) 0 00100
0 00010
0 0 0 0 0 1]
T 1 0 0 0 0 0
0 1 0000
0 —Vdui+uy 1 0 0 0
(=1, =1, 0,0,0,0) Viduy + ug 0 010 0
0 0 0010
.0 0 00 0 1]
1 000 0 0
0 1 00 0 0
2 2 2 2
(-1, 0, 0, 0, 0, 0) lleodeenfraddat) g g gy (—Vdup + duo) e (~Vidur + dus)
0 00 1 0 0
Vidug + us 000 1 0
Vduz + uy 000 0 1
1 0 0 0 0 0]
Vduy +uy 1 0 0 0 0
0 01 Vdui—uy 0 0
(-1, 1, 0, 0, 0, 0) 0 0 0 | 0 0
0 0 0 0 10
L0 0 0 0 0 1
1 0 0 0 0 O]
0 1 0000
0 0 1000
(0, =2, 0, 0, 0, 0) 0 —u 0100
0 0 0010
0 0 0 0 0 1]




Root Generic element of root subgroup
1 0 00 0 0
0 1 0 0 0 0
0 0 10 0 0
—_ Cy u2fc ’LL2 C 'LL270 u2
(0’ 1, 0, 0, O, O) 0 \/a( odus—co g+ 1duz—c1 1) 0 1 ¢ (—\/CjU()‘FdUQ) cl (—\/&Ul +dU3>
0 \/auz + ug 00 1 0
0 ﬂus + uq 00 0 1
10 0 0 0 0
—codu2+couZ—cidud4ciu?
01 0 \/E( oduz+ 022 dugter 1> Co (\/EUQ — dU3> 5] (\/EUI - duO)
(0, 1, 0, 0, 0, 0) 001 ! 5 )
00 0 1 0 0
000 Vdug + ug 1 0
00 0 Vdug + 0 1
1 0 0 0 0 0]
01 0 —uy 0 O
0 0 1 0 0 0
(0, 2, 0, 0, 0, 0) 000 1 00
0 0 O 0 1 0
0 00 0 0 1]
1 Vduy + ug 0 0 0 0]
0 1 0 00 0
0 0 1 00 0
1, -1, 0,0, 0,0
( B 3 ) 9 ) ) O O \/&Ul — Ug 1 0 0
0 0 0 01 0
10 0 0 0 0 1]
—codu?+coul—cidu+ciu?
10 \/3( odui+ 020 1duz+ci 2) 0 co (\/&UJO — dul) c1 (\/gug — dU3)
0 1 0 0 0 0
(1,0, 0, 0, 0, 0) 00 ! 0 0 |
00 0 1 0 0
00 Veuy + ug 0 ! 0
00 Vduz + uy 0 0 !
1 0 0 —Vdug+u; 0 0]
0 1 Vdup+wu 0 00
0 0 1 0 0 0
1,1
( ) ) 07 07 07 0) 0O 0 0 1 0 O
0 0 0 0 L0
0 0 0 0 0 1
[1 0 —ug 0 0 O]
01 0 000
0 0 1 0 0 O
(2, 0, 0, 0, 0, 0) 00 0 100
0 0 0 010
00 0 0 0 1]

4.2 Homomorphism property

For each root a € @, the associated root subgroup map X, : V, — G is a pseudo-homomorphism with respect to
the additive structure on V, and the group operation (i.e. matrix multiplication) in G. That is, for any u,v € V,,

Xafw)+ Xa(v) = Xa(w+v) - [T Xia (g 0)) 1)
i

10



for some homogeneous polynomial maps ¢’, : Vi, x Vo, — Viq. Thus X, is a group homomorphism if and only
the product on the right hand side reduces to 1. The quantities ¢’ (u,v) are called homomorphism defect
coefficients. For any root « of a root system ® of any group considered in the Pinning-Sympy package, the set

{iaE‘I):iEZZQ}

is either empty or a singleton set consisting of {2a}. The non-empty case only arises when ® is a non-reduced
root system (of Dynkin type BC), and when « is a multipliable root.
The table below lists all multipliable roots and the associated homomorphism defect.

qo(u,v)
—codugva + codusvg + crduivy — erdusgv

codugve — codugvg + c1duivs — crdusvg

—codugvs + codusve + c1dugvy — crduivg

—coduguy + coduivg — c1dugvs + crdusgvs

Here are the pseudo-homomorphism equations.

a=(-1,0,0,0,0,0)

Uuo

Xa

Vo
U1

. Xga (—CodUo’Ug + CodUg’Uo + cldulvg — Cldu:ﬂ}l)

coo 0 coo 0 Voo 0 ! . oo
e : e : , e . . : oy
DD 1 e (v i) e (i )| | D01 0 (VAo bdn) (VA )| |2 vt s st st 3 ey (VA ) ) —er (V20 1) s ) | [ s cxun ) 01 0 0 0
001 0 0 001 0 0 001 ) 0 0 0 00100
000 1 0 000 1 0 000 1 0 0 00010
000 0 1 000 0 1 0o o 1 0 00001
a=(0, =1, 0, 0, 0, 0)
U Vo U Vg
U1 U1 U1 U1
Xa Xa =X, + - Xoq (codugve — codugvy + c1dujvs — crdusvy)
U Vg U Vo
us3 U3 us3 U3
) o o : 0 0o 0 0 ‘ , oo
) ] b b 0o : ‘ ! : (RN,
0 0 0 0 0 _ 1o 0 0 0 0 1000
o (v o) s (v ) | [o o el 212 ) ) 1 ey (Va0 5 12)—er (V40— 5 0) | [0 0o + o e ) 0 1 0 0
0 ! 0 0 0 B 00 1 o 0 0 0010
o 0 1 0 0 00 0 1 0 0 0001
a=(0,1, 0, 0, 0, 0)
Uuop Vo Uug Vo
ul U1 ui V1
Xa Xa = X, + - Xoo (—codugus + codusve + crdugvy — c1duvg)
Uz U2 U2 V2
us V3 us3 V3
100 oo Loo o 0 e , .
010 Y dug) | |0 1 0 YAoddrend 010 ol )y (VA (4 v2) — d s +v3)) er (VA (i + 1) — dup + ) | [0 1 0 dlcopuzus — couges — cxugey + exuwe) 0 0
001 ") 001 _loon (v 0 o)) o (Vi ln ) 001 0 00
000 000 000 0 0 000 1 00
000 000 000 st 1 o 000 0 1o
000 000 000 VA (g + 1) + uy + v 0 1 000 0 01

Vo
U1
V2
U3

= (1, 0, 0, 0, 0, 0)

- Xoo (—codugvy + codugvg — crdugvs + c1dugva)

1o YACeddradoaddiod) 0 o (Van—dn) o(Vin-dn)| |10 el (T )y et (et gy (Vi + ) = d e+ ) en (VA + 12) =g+ e5)) | 10 (conon 1t + extzty — crugez) 0 0 O
01 0 0 0 0 0 0 01 0 0 ) 0 0 01 000
00 1 0 1 0 0 0 _loo 1 0 0 0 00 1 000
00 0 1 0 1 0 0 00 0 1 0 0 00 0 100
0o Vi +u 0 Vi + 0 1 0 00 VA +03) + 10+ vy 0 1 0 00 0 010
0o Vaus +uz 0 Vi +v 0 0 1 0o Aus +5) +uz + 02 0 0 1 00 o 001

11



5 Commutators

The commutator formula says that for two roots a, 8 € ®, the commutator of two root group elements X, (u) and
Xp(v) is controlled by the structure of ®, in particular by which positive integer linear combinations i + j3 are
elements of ®. Recall that

(o, B) ={ia+jpe®:i,j€Z>1}
Specifically, we have the commutator formula

[Xaw), Xa(0)] = TT Xiarso (V5 (,0)
(e,8)

for some homogeneous polynomial functions Nic;-ﬁ : Vo x Vg = Viaqjs. We repeat here the table of linear com-

binations of roots. The quantity NZ‘-B (u,v) is called a commutator coefficient. The table below gives these
coeflicients.

o IS i|7|ia+jp8 N;;ﬂ(u,v)

(=1, =1) | (-1, 1) 1111 (-2, 0) 2duqv1 — 2ugvg

(-1, =1) | (1, —1) 1111 (0, =2) —2duyv1 — 2upvg

(=1, 0) | (0, =1) | 1| 1| (=1, —1) | [a(eoupro — couovs — crurvs + erusv) —eoduga + couz — exduzs + eyurw |
(-1, 0) | (0, 1) 101](~1,1) [.(~cougua + courvs + exurvy — exusr)  codugvs — cousvs + erdugvo — crurv|
(-1, 1) | (=1, =1) | 1] 1] (=2, 0) —2duy vy + 2ugvg

(-1, 1) (1, 1) 11110, 2) 2duivg — 2ugvy

(0, =1) | (=1,0) | 1| 1| (=1, —=1) | [a(-couovo+ cousvs — crunws + crusvr) eodusvg — coupus + exduzvs — cyurv |
(0, —=1) | (1, 0) L 1| (1, =1) | [d(eouov — cousvo+ crurvs — cruse) codusvr — couovo + crdusvs — crurvs|
0, 1) (=1, 0) | 1| 1] (=1, 1) | [d(coumn—cousvs — crugm +erurvs) —codusvo + couzvs — crdugvs + crur |
(0, 1) (1, 0) 111, 1) [—codusvn + couzvn — erdugvs + crurvy d(cousvn — cousvo — cruges + erurvs)|
(1, —1) (-1, =1) | 1] 1| (0, =2) 2duqv1 + 2upvo

(1, —=1) (1, 1) 1111](2 0 —2duivg — 2ugu;

(1, 0) (0, =1) | 1| 1| (1, =1) | [d(couovs— courvo + crusvs — crugor) —codurvs + cougvn — crdusvs + crusu |
(1, 0) (0, 1) 111, 1) |codurvs — cquga + erdusvo — crusvr d(cougvs — courva + cruzvo — crugvy)|
(1, 1) (=1, 1) |[1|1](0,2) —2dugvy + 2u1vp

(1, 1) (1, =1) | 1|1](2, 0) 2dugvy + 2u1vp

(=2, 0) (1, =1) 11| (=1, =1) —ugly Uy

(=2, 0) | (1, =1) |[1]2](0, —2) ug (dvi — )

(=2, 0) (1, 1) 111 (-1, 1) UQUL Ul

(=2, 0) | (1, 1) 1{2](0,2) ug (—dvd + v})

(=1, =1) | (0, 2) 1{1](-1,1) Uy ULVQ

(-1, =1) | (0, 2) 2 1] (-2, 0) vo (duf — ud)

(=1, =1) | (2, 0) 111 (1, -1) Uy —ULVp

(-1, =1) | (2, 0) 2 1|0, —2) vo (duf — ud)

(-1, 1) (0, —2) 111 (-1, -1) Uy ULVQ

(=1, 1) | (0, =2) | 2|1 (=2, 0) vo (—duf + ud)

(-1, 1) (2, 0) 111 (1, 1) —ujvy  —UQUo

(-1, 1) | (2, 0) 21110, 2) vo (—duf + ud)

12
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Xa u9 ’X’B V2 o XOH_/B <[ CodUovg — CoUV2 + CldU,3v0 — C1U1V1 :|>
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o= (Oa _27 07 Oa 01 O)a 6 = (_17 17 07 07 07 0)
V0 —UpVo 2
Xao(ug), X =X X (u (dv V) ))
a 0 2 0
[ (o), X { |, oot8 | | _yop, | ) Kot2s i~ %
1 0 0000 1 00 0 0 011 0 00 00 1 00 0 00 é (1) 8888
0 1 000 Of|Vduu4wv 1 0 0 0 0[|0 1 000 0]|-Vdui—v 1 0 0 00 Y,
00 1000 0 01 Vdvi—w 00/[0 0 1000 0 01 —Vdui+v 0 of | uo(=dvi+ef) %(ﬂvl—vo) 1000
0 —up 01 00 0 00 1 0 0[]0 g 0100 0 00 1 00 —up (\/31,1+7,U) 0 0100
0 0 0010 0 00 0 1 0[lo 0o o010 0 0 0 0 10 0 0 0010
0 0 0001 0 00 0 0 10 0 0001 0 0 0 0 0 1 0 0 00 0 1
a=(0, -2,0,0,0,0), p=(,1,0 0,0,0)
Vo U1 2 2
Xa (uo), X, =X Xovop (uo (—dvg + 7))
[ ( )v B v a+p —uovy a+28 0 1
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6 Weyl group

One of the defining characteristics of a root system ® is that for any two roots «, 5 € @, the reflection of 8 across
the hyperplane perpendicular to « is another root. The reflection across the hyperplane perpendicular to « is
denoted o, and the previous sentence can be rephrased as saying that o, is a (bijective) function from @ to itself.
The reflection of S is then denoted o,(8). For each root o € ®, there is an element w, € G with the following
properties:

1. we € Ng(T), i.e. w, normalizes the torus, i.e. wy - t-w,! € T for all t € T.

s 2.t - (w2)"! =tforall t € T. Under some assumptions,
T = Z(T), though this is not true for all of the groups considered in this package.

2. w2 € Zg(T), i.e. w? centralizes the torus, i.e. w?

3. For any root 8 € @, the conjugation of the root subgroup Ug by w, is the root subgroup U, (). That is,
for x € Up,
Wwe -z - w, " € Uy, (B)

More precisely, given an element xg(u) € Ug, there is some function ¢,g(u) so that
wa - () Wy = Tay(p) (%B(U))

Taken together, properies (1) and (2) above say that viewed as an element of the quotient group Ng(T)/Za(T),
(the class of) w, is an element of order 2 (or order 1 but that doesn’t happen for other reasons).

6.1 Weyl group elements

The table below lists roots along with an associated Weyl group element.
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6.2 Weyl group conjugation coefficients

The table below lists roots along with the coefficients obtain in performing conjugation by an associated Weyl

element.
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6.3 Weyl group conjugation identities
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